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Abstract
Eulerian posets are motivated by the posets from triangulations of spheres; semi-Eulerian posets
are motivated by the posets from triangulations of manifolds. Motivated by investigation (Proc. Natl.
Acad. Sci. USA 95 (1998) 9093; Adv. Appl. Math. 19 (1997) 144; J. Combin. Theory Ser. A 85
(1999) 1; Adv. Appl. Math. 21 (1998) 22) on the number of faces of triangulations of manifolds
with boundary, we introduce semi-Eulerian posets with boundary in this paper, and generalize the
reciprocity laws, the Dehn–Sommerville equations, and the combinatorial Alexander duality to semi-
Eulerian posets with boundary.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
Given a triangulation ∆ of a topological manifold X ; the set P(∆) of simplices is a
partially ordered set (or poset for short) whose elements are ordered by inclusion, called
the face poset of ∆. The Mo¨bius function µP (see below) of P(∆) satisfy the property
µP (x, y) = (−1)dim y−dim x for simplices x ≤ y in P(∆). If we join two elements 0ˆ and
1ˆ to P(∆) so that 0ˆ < x < 1ˆ for all x of P(∆) and denote the new poset by Pˆ(∆), then
µ Pˆ (0ˆ, 1ˆ) = −1 + χ(X), µ Pˆ (0ˆ, x) = (−1)1+dim x and µ Pˆ(x, 1ˆ) = −1 + χ(lk (x, X)) for
all x ∈ P(∆), where lk (x, X) is the link of the simplex x in X . Moreover, whenever
X is a sphere, µ Pˆ(0ˆ, 1ˆ) = (−1)dim X . With this motivation, Stanley introduced semi-
Eulerian posets, whose Mo¨bius functions are required to satisfy the above property for
manifold poset; and Eulerian posets, whose Mo¨bius functions are required to satisfy the
above property for sphere posets.
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We follow Stanley’s book [13] on basic notions of posets. By the Mo¨bius function of
a finite poset P we mean a function µP , defined on the set of ordered pairs (x, y), where
x ≤ y, such that∑
x≤z≤y
µP(x, z) = δx,y. (1)
In other words, µP can be inductively defined by µP (x, x) = 1 and for x < y,
µP (x, y) = −
∑
x≤z<y
µP(x, z) = −
∑
x<x≤y
µP(y, z). (2)
A poset P is called graded if every maximal chain in P has the same length; and in this
case there is a unique rank function ρ : P → Z≥0 such that ρ(u) = 0 if u is a minimal
element of P , and ρ(y) = ρ(x) + 1 if y covers x in P . Given any poset P; we always add
two elements 0ˆ and 1ˆ into P to form a new poset Pˆ so that 0ˆ is the unique minimum element
and 1ˆ is the unique maximum element in Pˆ . A graded poset P is called semi-Eulerian if
µ Pˆ (x, y) = (−1)ρ(y)−ρ(x) for all x ≤ y in Pˆ but (x, y) = (0ˆ, 1ˆ); and is called Eulerian
if, in addition to it is semi-Eulerian, µ Pˆ(0ˆ, 1ˆ) = (−1)ρ(1)−ρ(0), where µ Pˆ is the Mo¨bius
function of Pˆ . In this paper we study posets that are more general than those semi-Eulerian
posets.
A poset P is called lower graded if for each x ∈ P , the lower order ideal [·, x] = {y ∈
P | y ≤ x} is graded. A subset Q of P is called closed if for any x ∈ Q, the lower order
ideal [·, x] is contained in Q. It is clear that for any lower graded poset P , there is a unique
rank function ρ : P → Z≥0 such that ρ(u) = 0 for any minimal element u ∈ P , and
ρ(y) = ρ(x) + 1 if y covers x in P . We denote by ρP and ρPˆ the rank functions on P and
Pˆ respectively.
Definition 1.1. Let Pˆ be a finite lower graded poset with the rank function ρ. If
µ Pˆ (x, y) = (−1)ρ(y)−ρ(x) for 0ˆ ≤ x ≤ y ∈ P, (3)
then P is called a lower Eulerian poset. Let B be a non-empty closed subset of P . If P is
lower Eulerian and
µ Pˆ (x, 1ˆ) =
{
(−1)ρ(1ˆ)−ρ(x)β for x ∈ B
(−1)ρ(1ˆ)−ρ(x) for x ∈ P − B, (4)
where β = 1, then P is called a semi-Eulerian poset with boundary B having the boundary
index β. Moreover, if
µ Pˆ (0ˆ, 1ˆ) = (−1)ρ(1ˆ)−ρ(0ˆ), (5)
then P is called an Eulerian poset with boundary B having the boundary index β.
Note that in the above definition of semi-Eulerian poset with boundary, it is required
that the boundary index β = 1. However, a semi-Eulerian poset can be identified as a
semi-Eulerian poset with boundary index β = 1; and an Eulerian poset as an Eulerian
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poset with boundary index β = 1. It is easy to find examples of semi-Eulerian posets with
boundary. For instance, the face poset of any triangulation of a manifold with boundary is
a semi-Eulerian poset with boundary, having the boundary index β = 0. More generally,
the face poset of any triangulation of a 2-strata space [6] is also a semi-Eulerian poset with
boundary. However, it is not obvious by definition that there exist Eulerian posets with
boundary. The following example shows the existence of such posets.
Example 1.2. Let T be the topological space obtained by attaching two disks to a torus
such that the boundaries of the two disks are glued to a contractible cycle of the torus.
The space T can be triangulated as the following left figure shows. The face poset ∆(T )
of simplices in the triangulation is an Eulerian poset with boundary, having the boundary
index β = 3; see the following right figure.
The boundary of∆(T ) is the subposet B = {u, u, w, 3, 5, 7}. In fact, µ
∆̂(T )(x, 1ˆ) = −3
for x = u, v,w and µ
∆̂(T )(x, 1ˆ) = 3 for x = 3, 5, 7; µ∆̂(T )(x, 1ˆ) = −1 for x =
1, 2, 4, 6, 8, 9 and µ
∆̂(T )(x, 1ˆ) = 1 for x = a, b, . . . , h; µ∆̂(T )(0ˆ, 1ˆ) = 1.
2. Weight functions
Let R be a commutative ring with unity 1 different from its zero element 0, and let P be
a finite lower graded poset. For a function φ : P → R and a subposet Q ⊂ P , we define
S(Q, φ) =
∑
x∈Q
(−1)ρ(x)φ(x);
the function φ is called a weight function on the poset P . When φ ≡ 1, we call S(P, 1) the
Euler characteristic of P . With a given weight function φ on P we associate two functions
φˆ and φˇ, defined on P by
φˆ(x) =
∑
y≤x
(−1)ρ(y)φ(y),
φˇ(x) =
∑
x≤y
(−1)ρ(y)φ(y).
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Lemma 2.1. Let P be a lower Eulerian poset. Then for any x ≤ y in Pˆ but (x, y) = (0ˆ, 1ˆ),∑
x≤z≤y
(−1)ρ(z) =
{
(−1)ρ(x) for x = y
0 for x < y.
Proof. It is obvious for x = y. For x < y, it follows from (1) and (3) that∑
x≤z≤y
(−1)ρ(z) = (−1)ρ(x)
∑
x≤z≤y
(−1)ρ(z)−ρ(x)
= (−1)ρ(x)
∑
x≤z≤y
µ Pˆ (x, z)
= 0. 
Proposition 2.2. For any lower Eulerian poset P and any function φ on P,
ˆˆ
φ = φ and ˇˇφ = φ.
Proof. For any element x ∈ P , by definition of the operator φ → φˆ, we have
ˆˆ
φ(x) =
∑
y≤x
(−1)ρ(y)φˆ(y)
=
∑
y≤x
(−1)ρ(y)
∑
z≤y
(−1)ρ(z)φ(z)
=
∑
z∈P
{ ∑
z≤y≤x
(−1)ρ(y)−ρ(z)
}
φ(z)
= φ(x).
The last step follows from Lemma 2.1. A similar argument shows that ˇˇφ = φ. 
Proposition 2.3. For any Eulerian poset P and any function φ on Pˆ,
S(Pˆ , φˇ) = φ(0ˆ) and S(Pˆ, φ) = φˇ(0ˆ).
Proof.
S(Pˆ , φˇ) =
∑
x∈ Pˆ
(−1)ρ(x)φˇ(x) =
∑
x∈ Pˆ
(−1)ρ(x)
∑
y≥x
(−1)ρ(y)φ(y)
=
∑
y∈ Pˆ
φ(y)
∑
x≤y
(−1)ρ(y)−ρ(x) =
∑
y∈ Pˆ
φ(y)
∑
0ˆ≤x≤y
µ(x, y)
=
∑
y∈ Pˆ
δ(0ˆ, y)φ(y) = φ(0ˆ).
A similar argument shows that S(Pˆ, φ) = φˇ(0ˆ). 
Proposition 2.4. For any semi-Eulerian poset P of rank n and any function φ on P,
S(P, φˆ) = (−1)n S(P, φ).
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Proof.
S(P, φˆ) =
∑
x∈P
(−1)ρ(x)
∑
y≤x
(−1)ρ(y)φ(y) =
∑
y∈P
φ(y)
∑
y≤x
(−1)ρ(x)−ρ(y)
=
∑
y∈P
φ(y)
∑
y≤x<1ˆ
µ(y, x) = −
∑
y∈P
φ(y)µ(y, 1ˆ)
= −
∑
y∈P
φ(y)(−1)ρ(1ˆ)−ρ(y) = −(−1)ρ(1ˆ)S(P, φ). 
The following proposition will be needed to derive the reciprocity law for semi-Eulerian
posets with boundary in Section 4.
Proposition 2.5. For any poset P and any functions φ and ψ on P,
S(P, φψˆ) = S(P, φˇψ).
Proof.
S(P, φψˆ) =
∑
x∈P
(−1)ρ(x)φ(x)ψˆ(x) =
∑
x∈P
(−1)ρ(x)φ(x)
∑
y≤x
(−1)ρ(y)ψ(y)
=
∑
y∈P
(−1)ρ(y)ψ(y)
∑
x≥y
(−1)ρ(x)φ(x)
=
∑
y∈P
(−1)ρ(y)φˇ(y)ψ(y) = S(P, φˇψ). 
3. Boundary operators
It is well known that the boundary of a manifold with boundary is a manifold; and
obvious that the dimensions of the manifold and its boundary have different parity. In
this section we study properties of semi-Eulerian posets with boundary, and generalize
the properties of manifolds with boundary to some analogs on semi-Eulerian posets with
boundary. The crucial idea is to introduce the even and odd boundary operators on the
space of weight functions of a given poset, which is motivated by the work of [4].
Definition 3.1. Let P be a lower graded finite poset with the rank function ρ. For each
integer k, the kth boundary weight function of a weight function φ on P is the function
∂kφ, defined on P by
(∂kφ)(x) = φ(x) + (−1)k
∑
x≤y∈P
(−1)ρ(y)φ(y).
In other words, ∂kφ = φ + (−1)kφˇ. The boundary operator ∂k is called even or odd when
the integer k is even or odd.
Theorem 3.2. The boundary operators ∂k for any poset P are linear on the space of weight
functions of P, and satisfy the equation
∂k−1∂k = 0.
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Proof. It is obvious that the operators ∂k are R-linear for any commutative ring R. For a
weight function φ on the poset P with values in R,
∂k−1∂kφ = ∂k−1(φ + (−1)kφˇ)
= φ + (−1)kφˇ + (−1)k−1(φˇ + (−1)k ˇˇφ)
= φ + (−1)kφˇ + (−1)k−1(φˇ + (−1)kφ)
= 0. 
Theorem 3.3. Let P be a lower Eulerian poset. If a and b are values such that a + b = 1,
then for any weight functions φ and ω,
S(P, φˆ(ω − a∂nω)) = (−1)n−1S(P, φ(ω − b∂nω)).
Proof. By Proposition 2.5, S(P, φˆ(ω − a∂nω)) = S(P, φ(ˇω − a∂nω)). Moreover,
(ˇω − a∂nω) = (ˇω − a(ω + (−1)nωˇ)) = (ˇbω − (−1)naωˇ)
= bωˇ − (−1)naω = (−1)n−1(aω − (−1)nbωˇ)
= (−1)n−1(ω − b(ω + (−1)nωˇ)) = (−1)n−1(ω − b∂nω).
Here the expression (ˇ · · ·) means that the check sign ˇ is spread over the whole content
inside the parenthesis; the third step follows from Proposition 2.2. 
For example, let P be the set of simplices of a finite simplicial complex. Then P is a
semi-Eulerian poset whose partial order is the inclusion among simplices. Theorem 3.3 is
equivalent to the reciprocity formula for the finite simplicial complex; see [10].
Theorem 3.4. Let P be a semi-Eulerian poset with boundary B. Then ρPˆ (1ˆ) and ρBˆ(1ˆ)
have different parity.
First proof. Set ρPˆ (1ˆ) = n. Let v be a maximal element of B . It is clear that ρBˆ(v) =
ρPˆ (v). On the one hand, µ Pˆ (v, 1ˆ) = −
∑
v≤y<1ˆ µ Pˆ (v, y) by (2). Then β(−1)n−ρ(v) =
−∑
v≤y<1ˆ(−1)ρ(y)−ρ(v) by (4); namely, β(−1)n = −
∑
v≤y<1ˆ(−1)ρ(y). Adding (−1)n+1
to both sides, we have
(β − 1)(−1)n = −
∑
v≤y≤1ˆ
(−1)ρ(y). (6)
On the other hand, µ Pˆ (v, 1ˆ) = −
∑
v<y≤1ˆ µ Pˆ (y, 1ˆ); then β(−1)n−ρ(v) = −
∑
v<y≤1ˆ
(−1)n−ρ(y) by (4); namely, β(−1)ρ(v) = −∑
v<y≤1ˆ(−1)ρ(y). Adding (−1)ρ(v)+1 to both
sides, we have
(β − 1)(−1)ρ(v) = −
∑
v≤y≤1ˆ
(−1)ρ(y). (7)
Comparing the right-hand sides of (6) and (7), we conclude that (β − 1)(−1)n =
(β − 1)(−1)ρ(v). Since β = 1, it follows that n and ρ(v) must have the same parity;
namely, ρPˆ(1ˆ) and ρBˆ(1ˆ)(= ρ(v) + 1) have different parity. 
B. Chen, M. Lau / European Journal of Combinatorics 24 (2003) 955–968 961
Second proof. Set ρPˆ (1ˆ) = n. Consider the function f defined on P by f (x) = ε for
x ∈ B and f (x) = δ for x ∈ P − B . For any x ∈ P ,
∂k f (x) = f (x) + (−1)k
∑
x≤y∈P
(−1)ρ(y) f (y)
= f (x) + (−1)k
∑
x≤y∈P
(−1)ρ(y)δ + (−1)k
∑
x≤y∈B
(−1)ρ(y)(ε − δ)
= f (x) − (−1)k−ρ(x)δµ Pˆ(x, 1ˆ) − (ε − δ)(−1)k−ρ(x)µBˆ(x, 1ˆ).
In particular, if ε = δ = 1 and k = n, then (∂n1)(x) = 1 − β for x ∈ B and (∂n1)(x) = 0
for x ∈ P − B . Let v be a maximal element of B; set ρ(v) = ρBˆ(v). Then
∂n−1∂n1(v) = (∂n1)(v) + (−1)n−1
∑
v≤y∈P
(−1)ρ(y)(∂n1)(y)
= (1 − β) + (−1)n−1
∑
v≤y∈B
(−1)ρ(y)(1 − β)
= (1 − β)[1 + (−1)n−1(−1)ρ(v)].
Since β = 1, it follows from Theorem 3.2 that 1 + (−1)n−1(−1)ρ(v) = 0. Thus n and
ρ(v) must have the same parity; namely, ρBˆ(1ˆ)(= ρBˆ(v) + 1) and ρPˆ (1ˆ) have different
parity. 
Theorem 3.5. Let P be a semi-Eulerian poset with boundary B having the boundary
index β. Then the boundary poset B is a semi-Eulerian poset.
Proof. We first show that ∂k∂k = 2∂k for any integer k. In fact, for a function f on P and
x ∈ P ,
∂k∂k f (x) = ∂k f (x) + (−1)k
∑
x≤y∈P
(−1)ρ(y)∂k f (y)
= f (x) + (−1)k
∑
x≤y∈P
(−1)ρ(y) f (y)
+ (−1)k
∑
x≤y∈P
(−1)ρ(y)
 f (y) + (−1)k ∑
y≤z∈P
(−1)ρ(z) f (z)

= f (x) + 2(−1)k
∑
x≤y∈P
(−1)ρ(y) f (y)
+
∑
x≤y∈P
 ∑
y≤z∈P
(−1)ρ(z)−ρ(y) f (z)

= f (x) + 2(−1)k
∑
x≤y∈P
(−1)ρ(y) f (y) +
∑
x≤z∈P
δ(x, z) f (z)
= 2∂k f (x).
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The fourth step follows from Lemma 2.1. Let m be the rank of the poset B . Then for the
constant function f ≡ 1, we have
∂m∂m1 = 2(1 − β) (8)
on B . On the other hand, note that ∂m1(x) = 1 − β for x ∈ B and ∂m1(x) = 0 for
x ∈ P − B (from the second proof of Theorem 3.4). Then for x ∈ B ,
(∂m∂m1)(x) = (∂m1)(x) + (−1)m
∑
x≤y∈P
(−1)ρ(y)(∂m1)(y)
= (1 − β) + (−1)m
∑
x≤y∈B
(−1)ρ(y)(1 − β)
= (1 − β)[1 + (−1)m−1−ρ(x)µBˆ(x, 1ˆ)].
Compare this with (8) and notice β = 1; we conclude that
1 + (−1)m−1−ρ(x)µBˆ(x, 1ˆ) = 2;
namely, µBˆ(x, 1ˆ) = (−1)m+1−ρ(x) = (−1)ρBˆ (1ˆ)−ρ(x). By the definition the boundary
poset B is semi-Eulerian. 
4. Reciprocity laws
In this section we study the zeta polynomial Z(Pˆ, m), which is defined by Z(Pˆ, m) =
ζm(0ˆ, 1ˆ) for positive integers m and counts the number of multichains of length m in
Pˆ . The function ζm(0ˆ, 1ˆ) is indeed a polynomial function of integers m; see [8] or [13],
Proposition 3.11.1. Thus Z(Pˆ, m) are well defined for integers m ≥ 0. When P is a semi-
Eulerian poset with boundary B , we interpret the values Z(Pˆ,−m) for positive integers m
in terms of Z(Pˆ, m) and Z(Bˆ, m).
Theorem 4.1 (Reciprocity Law). Let P be a semi-Eulerian poset with boundary B having
the boundary index β; n = ρPˆ (1ˆ). Then for any positive integer m,
Z(Pˆ,−m) = (−1)n{(β − 1)Z(Bˆ, m) + Z(Pˆ, m)} + m{µ Pˆ(0ˆ, 1ˆ) − (−1)nβ}. (9)
Proof. By Proposition 3.11.1 of [13], Z(Pˆ,−m) = ζ−m(0ˆ, 1ˆ) = µm
Pˆ
(0ˆ, 1ˆ). Then
Z(Pˆ,−m) =
∑
0ˆ=x0≤x1≤···≤xm=1ˆ
µ Pˆ(x0, x1) · · ·µ Pˆ(xm−1, xm)
=
 ∑
∀i,xi ∈Bˆ
+
∑
∃i,xi /∈Bˆ
µ Pˆ (x0, x1) · · ·µ Pˆ(xm−1, xm). (10)
The first sum in (10) is extended over all multichains 0ˆ = x0 ≤ x1 ≤ · · · ≤ xm = 1ˆ
in Bˆ. Since P is a semi-Eulerian poset with the boundary B and has the boundary
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index β, then µ Pˆ(xi−1, xi ) = (−1)ρ(xi )−ρ(xi−1) for all xi ∈ B (1 ≤ i ≤ m − 1) and
µ Pˆ (xk, 1ˆ) = (−1)n−ρ(xk)β for xk ∈ B . It follows that
µ Pˆ (x0, x1) · · ·µ Pˆ(xm−1, xm) =
{
(−1)nβ if exists xi ∈ B
µ Pˆ(0ˆ, 1ˆ) if all xi ∈ {0ˆ, 1ˆ}.
Note that there are Z(Bˆ, m) multichains of length m in the poset Bˆ, while there are m
multichains of length m in the poset {0ˆ, 1ˆ}. Thus the first sum in (10) can be written as∑
∀i,xi ∈Bˆ
µ Pˆ(x0, x1) · · ·µ Pˆ(xm−1, xm) = {Z(Bˆ, m) − m}(−1)nβ + mµ Pˆ(0ˆ, 1ˆ). (11)
The second sum in (10) is extended over all multichains 0ˆ = x0 ≤ x1 ≤ · · · ≤ xm = 1ˆ in
Pˆ such that there is at least one xi ∈ Pˆ − Bˆ = P − B . Since P is a semi-Eulerian poset
with the boundary B , then µ Pˆ (xi−1, xi ) = (−1)ρ(xi )−ρ(xi−1) for all (xi−1, xi ) = (0ˆ, 1ˆ) and
µ Pˆ (xk, 1ˆ) = (−1)n−ρ(xk) for xk ∈ P − B . It follows that µ Pˆ (x0, x1) · · ·µ Pˆ(xm−1, xm) =
(−1)n if there is one xi ∈ Pˆ − Bˆ. Note that there are Z(Pˆ, m) multichains in Pˆ . The
second sum in (10) can be written as∑
∃i,xi /∈Bˆ
µ Pˆ(x0, x1) · · ·µ Pˆ (xm−1, xm) = Z(Pˆ, m)(−1)n − Z(Bˆ, m)(−1)n. (12)
Now we obtain (9) by adding (11) and (12). 
In the special case β = 1, the poset P can be viewed as a semi-Eulerian poset without
boundary. The reciprocity law (9) is reduced to the reciprocity law for Eulerian posets in
the following corollary; see [13, Proposition 3.14.1].
Corollary 4.2 (Stanley). If P is a semi-Eulerian poset of rank n, then
Z(Pˆ,−m) = (−1)n Z(Pˆ, m) + µ Pˆ (0ˆ, 1ˆ) − (−1)n.
Moreover, if P is an Eulerian poset, then
Z(Pˆ,−m) = (−1)n Z(Pˆ, m).
5. Dehn–Sommerville equations
The Dehn–Sommerville equations are linear equations on the number of faces of a
simplicial polytope [3]; it is natural to state such linear equations on the number of faces
of triangulations of a manifold. Klee [9] generalized the Dehn–Sommerville equations to
Eulerian manifolds. Chen and Yan [5–7] further generalized these equations to manifolds
with boundary and Eulerian stratified spaces. Other generalizations can be found in
[1, 2, 11, 15]. The poset analog of the Dehn–Sommerville equations were obtained by
Stanley [13, 14] for Eulerian posets and semi-Eulerian posets. In this section we study the
Dehn–Sommerville equations for semi-Eulerian posets with boundary.
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Recall that a poset is called simplicial if each of its intervals is isomorphic to a Boolean
algebra. The Dehn–Sommerville equations for posets are necessarily to be considered on
simplicial posets. For a semi-Eulerian poset P with boundary B , we denote by Vi the
number of elements x of B such that [0ˆ, x] is isomorphic to the Boolean algebra Bi of
rank i ; and by Wi the number of elements x of P − B such that [0ˆ, x] ∼= Bi ; V0 = 0 and
W0 = 1.
Lemma 5.1. Let P be a semi-Eulerian poset with boundary B. If P ′ = Pˆ −{1ˆ} = P ∪{0ˆ}
is simplicial, then
Z(P ′, m) =
∑
i≥0
Wi (m − 1)i +
∑
i≥1
Vi (m − 1)i . (13)
Proof. For any fixed element x ∈ P ′, let Zx(P ′, m) denote the number of multichains
x1 ≤ x2 ≤ · · · ≤ xm−1 = x in P ′. Then Zx(P ′, m) = (m − 1)i if [0ˆ, x] ∼= Bi . Obviously,
Z(P ′, m) =
∑
x∈P ′
Zx(P ′, m) =
∑
x∈P ′−B
Zx(P ′, m) +
∑
x∈B
Zx(P ′, m).
Now the formula (13) follows immediately. 
Theorem 5.2 (Dehn–Sommerville Equations). Let P be a semi-Eulerian poset with
boundary B having the boundary index β. Set n = ρPˆ (1ˆ), d = ρBˆ(1ˆ), and P ′ = Pˆ −{1ˆ} =
P ∪ {0ˆ}. If P ′ is simplicial, then
n−1∑
i=0
(−1)n−i (Vi + Wi )mi +
n−1∑
i=0
(βVi + Wi )(m − 1)i = (−1)n+1µ Pˆ(0ˆ, 1ˆ) + 1. (14)
Proof. Multichains of length m + 1 in Pˆ can be divided into two types: the multichains
ending with the elements of P ′, which can be identified as multichains of length
m + 1 in the poset P ′; and the multichains ending with the element 1ˆ, which can be
identified as multichains of length m in the poset Pˆ by removing the ending element 1ˆ.
Then
∆Z(Pˆ, m) := Z(Pˆ, m + 1) − Z(Pˆ, m) = Z(P ′, m + 1). (15)
Set α = µ Pˆ(0ˆ, 1ˆ) − (−1)nβ; apply the reciprocity law (9) for the semi-Eulerian poset P
with boundary B having the boundary index β; we have
∆Z(Pˆ,−m) = Z(Pˆ,−(m − 1)) − Z(Pˆ,−m)
= (−1)n{(β − 1)Z(Bˆ, m − 1) + Z(Pˆ, m − 1)} + (m − 1)α
− (−1)n{(β − 1)Z(Bˆ, m) + Z(Pˆ, m)} − mα
= (−1)n{(β − 1)(Z(Bˆ, m − 1) − Z(Bˆ, m))}
+ (−1)n{Z(Pˆ, m − 1) − Z(Pˆ, m)} − α
= (−1)n+1{(β − 1)∆Z(Bˆ, m − 1) +∆Z(Pˆ, m − 1)} − α. (16)
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Recall Lemma 5.1 and apply (15); we have ∆Z(Pˆ, m) = ∑n−1i=0 Wi mi + ∑d−1i=1 Vi mi .
Thus
∆Z(Pˆ,−m) =
n−1∑
i=0
Wi (−m)i +
d−1∑
i=1
Vi (−m)i , (17)
∆Z(Pˆ, m − 1) =
n−1∑
i=0
Wi (m − 1)i +
d−1∑
i=1
Vi (m − 1)i . (18)
Since B is a semi-Eulerian poset (without boundary), we have
∆Z(Bˆ, m − 1) = 1 +
d−1∑
i=1
Vi (m − 1)i . (19)
Substitute (17)–(19) into (16); collect the coefficients of mi and (m − 1)i carefully; one
obtains (14). 
Corollary 5.3. If P is a semi-Eulerian poset and P ′ = Pˆ − {1ˆ} is simplicial, ρ(1ˆ) = n,
then (14) reduces to
n−1∑
i=0
(−1)n−i Wi mi +
n−1∑
i=0
Wi (m − 1)i = (−1)n+1µ Pˆ(0ˆ, 1ˆ) + 1. (20)
Moreover, if P is an Eulerian poset and P ′ is simplicial, ρ(1ˆ) = n, then (14) further
reduces to
n−1∑
i=0
(−1)n−i Wi mi +
n−1∑
i=0
Wi (m − 1)i = 0. (21)
Proof. If Pˆ is a semi-Eulerian poset, we may consider that its boundary poset B is empty.
Then Vi = 0 for all i ≥ 0. If P is an Eulerian poset, then µ Pˆ(0ˆ, 1ˆ) = (−1)n . The Eqs. (20)
and (21) follow immediately. 
6. Combinatorial Alexander duality
The Alexander duality in algebraic topology is about the homology groups of a closed
subspace and its complement inside a manifold with boundary. When we consider posets
from triangulations of a manifold with boundary, we may expect poset analogs for a closed
subposet and its complement inside a semi-Eulerian poset with boundary. In this section
we find the combinatorial Alexander duality for semi-Eulerian posets with boundary. Let
P be a finite poset. For any x ∈ P , it is not hard to show
µ Pˆ−x(0ˆ, 1ˆ) = µ Pˆ(0ˆ, 1ˆ) − µ Pˆ(0ˆ, x)µ Pˆ(x, 1ˆ);
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see [13, Lemma 3.14.3]. Let Q be a subposet of P . Iterate the above identity by
successively removing the elements of Qc = P − Q from the poset P; we have
µQˆ(0ˆ, 1ˆ) =
∞∑
k=0
(−1)k
∑
µ Pˆ(0ˆ, x1) · · ·µ Pˆ(xk, 1ˆ), (22)
where the sum is extended over all chains 0ˆ < x1 < · · · < xk < 1ˆ in Pˆ such that xi ∈ Qc,
1 ≤ i ≤ k. The following theorem is a combinatorial analog of the Alexander duality.
Theorem 6.1 (Combinatorial Alexander Duality). Let P be a semi-Eulerian poset with
boundary B having the boundary index β. Let Q be a closed subposet of P. Set n = ρPˆ (1ˆ)
and Qc = P − Q. Then
µQˆ(0ˆ, 1ˆ) = (−1)n
{
(1 − β)µQ̂c∩B(0ˆ, 1ˆ) − µQ̂c(0ˆ, 1ˆ)
}
+ µ Pˆ (0ˆ, 1ˆ) − (−1)nβ. (23)
Proof. The sum (22) is extended over all chains x1 < · · · < xk in Qc; such chains can be
divided into chains in Qc ∩ B and the chains not contained in Qc ∩ B; namely,
µQˆ(0ˆ, 1ˆ) =
∑
k≥0
(−1)k
∑
x1<···<xk
∀i,xi ∈Qc
µ Pˆ (0ˆ, x1) · · ·µ Pˆ (xk, 1ˆ)
=
 ∑∀i,xi ∈Qc∩B +
∑
∀i,xi ∈Qc;∃ j,x j /∈B
 (−1)kµ Pˆ(0ˆ, x1) · · ·µ Pˆ(xk, 1ˆ). (24)
Since B is a closed semi-Eulerian subposet of P , then µ Pˆ(xi , x j ) = µBˆ(xi , x j ) =
(−1)ρ(x j )−ρ(xi ) for all xi ≤ x j in Bˆ but (xi , x j ) = (0ˆ, 1ˆ). Thus for any chain 0ˆ < x1 <
· · · < xk < 1ˆ in the poset Q̂c ∩ B ,
(−1)kµ Pˆ(0ˆ, x1) · · ·µ Pˆ(xk, 1ˆ) =
{
(−1)k+nβ if k ≥ 1
µ Pˆ (0ˆ, 1ˆ) if k = 0.
Let Σ1 and Σ2 denote the first and the second sums in (24) respectively. Then
Σ1 = µ Pˆ(0ˆ, 1ˆ) + (−1)nβ(−c2 + c3 − c4 + · · ·)
= µ Pˆ(0ˆ, 1ˆ) − (−1)nβ(c0 − c1 + c2 − c3 + · · ·) − (−1)nβ
= (−1)n−1βµQ̂c∩B(0ˆ, 1ˆ) + µ Pˆ (0ˆ, 1ˆ) − (−1)nβ,
where ci is the number of chains of length i between 0ˆ and 1ˆ in the poset Q̂c ∩ B; c0 = 0
and c1 = 1. The last equality follows from µQ̂c∩B(0ˆ, 1ˆ) =
∑
i≥0(−1)i ci ; see Proposition 6
in Section 3 of [12], or Proposition 3.8.5 of [13].
The second sum Σ2 is extended over all chains x1 < · · · < xk (k ≥ 1) in Qc such that
there is at least one x j /∈ B . Since B is a closed subposet, then none of x j+1, . . . , xk are
boundary elements. So µ Pˆ(xi , xl) = (−1)ρ(xl)−ρ(xi ) for all xi < xl embedded in the chain
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0ˆ < x1 < · · · < xk < 1ˆ because xk ∈ P − B . Thus µ Pˆ (0ˆ, x1) · · ·µ Pˆ (xk, 1ˆ) = (−1)k+n .
Therefore
Σ2 =
∑
k≥1
(−1)k+n
∑
x1<···<xk
∀i,xi ∈Qc ;∃ j,x j /∈B
1.
Let dk+1 be the number of chains 0ˆ < x1 < · · · < xk < 1ˆ between 0ˆ and 1ˆ in Q̂c with
some x j /∈ B , 1 ≤ j ≤ k; d0 = d1 = 0. Then
Σ2 = (−1)n−1
∑
k≥2
(−1)kdk
= (−1)n−1
∑
k≥0
(−1)k(dk + ck) + (−1)n
∑
k≥0
(−1)kck
= (−1)n−1µQ̂c(0ˆ, 1ˆ) + (−1)nµQ̂c∩B(0ˆ, 1ˆ).
Again, the last step follows from Proposition 6 in Section 3 of [12] or Proposition 3.8.5 of
[13]. Now (23) follows immediately by adding up Σ1 and Σ2. 
The following corollary is due to Stanley; see Proposition 3.14.5 of [13], or
Proposition 2.2 of [14].
Corollary 6.2 (Stanley). If P is a semi-Eulerian poset, then for any closed subposet Q
of P,
µQ̂(0ˆ, 1ˆ) = (−1)n−1µQ̂c(0ˆ, 1ˆ) + µ Pˆ(0ˆ, 1ˆ) − (−1)n. 
Remark. The Dehn–Sommerville equations, the reciprocity laws, and the combinatorial
Alexander duality should be studied on stratified posets. The semi-Eulerian posets with
boundary introduced here are actually posets with two strata. The issues addressed in the
survey [15], such as f -vectors, h-vectors, flag f -vectors, flag h-vectors, cd-indexes, etc,
can be addressed on semi-Eulerian posets with boundary, or more generally, on stratified
posets. The present paper is just an introduction of such a stratified approach to study
posets with only two strata.
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